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of REPORT ON THE TEACHING OF THE 
MULTIPLICATION AND DIVISION OF DECIMALS. 


Tue General Teaching Committee of the Mathematical Association 
authorised the publication of the following investigation by the 
blic Schools Special Committee. The General Committee does 
commit itself to any expression of opinion as to the comparative 
its of various methods for the multiplication and division of decimals ; 
methods given are those which seemed to the Special Committee 

§ only ones likely to secure general support. 
The Special Committee has also been authorised to take such steps 
8 seem most suitable to make the result of the investigation known 


Preparatory Schools. 








“In July, 1914, the Public Schools Special Committee sent out to 
s schools mentioned in the Public Schools’ Year Book (1914) the 
stionnaire and accompanying letter given below. Of these schools 
sent replies. The result of the enquiry is as follows : 
Qu. 2. Do you think it desirable that all boys coming to the School 
Id be familiar with one uniform method for 
(a): multiplication of decimals ? 
(6) division of decimals ? 

Of the 83 schools 76 are in favour of uniformity, 1 is definitely 
against, 2 do not answer definitely but appear to be against, 
2 do not answer definitely but are decidedly favourable, and 2 are 
quite indefinite. 

Qu. 3. If you think one uniform method desirable, would you like 
to be the one set out below for 
(a) multiplication ? (b) division ? 

(3a). 65 schools are in favour of the given method for multiplica- 
tion, 9 are opposed to it, 3 do not answer quite definitely but are 
on the whole favourable, the rest do not answer definitely. [Schools 
were not asked to choose between the alternative methods of 
arrangement, but, of the 64 schools in favour of the given method, 
19 et (6) and 5 specified (a).] 

(3b). 65 schools are in favour of the given method for division, 

8 are opposed to it, 3 do not answer quite definitely but are on the 
whole favourable, the rest do not answer definitely. 
F 
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Qu. 4. If you approve of the method indicated, may the name of 
your School be given as so approving, if a circular is issued to the 


Preparatory Schools ? 


64 schools are willing that their names should be given as approy- 
ing, 1 senior mathematical master approves of the methods but 
has not power to speak for the school. 

Qu. 5. If you prefer some other method—but 70 per cent. of the 
Public Schools replying to this questionnaire declare in favour of the 
method given below—are you willing for the sake of uniformity to 
allow the name of your school to be given in the circular referred to 


in Question 4 above ? 


11 schools are willing to allow their names to appear, 4 are not 


willing. 


As the 70 per cent. has been obtained, this means that altogether 
75 schools are willing that their names should appear in a circular 
to the Preparatory Schools, 4 are definitely opposed to their names 


appearing. 


The following list gives the names of the 75 schools (out of the 82 
that replied) that are willing that their names should appear : 


Aldenham School. 
Downside School, Bath. 
Bedford Grammar School. 
Campbell College, Belfast. 
Berkhamsted School. 
Bishop’s Stortford. 
Bradfield College. 

Christ College, Brecon. 
Brighton College. 

Bristol Grammar School. 
Bromsgrove School. 

Leys School, Cambridge. 


St. Edmund’s School, Canterbury. 


The Charterhouse. 

Cheltenham College. 

Dean Close School, Cheltenham. 
The King’s School, Chester. 
Chigwell School. 

Christ’s Hospital. 

City of London School. 

Clifton College. 


Whitgift Grammar School,Crovdon. 


Denstone College. 

Dover College. 

Durham School. 

Eastbourne College. 

Epsom College. 

Exeter School. 

Fettes College. 

Giggleswick School. 

Trinity College, Glenalmond. 
Haileybury College. 

Harrow School. 

Highgate School. 

Gresham’s School, Holt, Norfolk. 
Hymer’s College, Hull. 


King William’s College, Isle of Man. 


Victoria College, Jersey. 


Lancaster Royal Grammar School. 

Lancing College. 

Leeds Grammar School. 

Loretto School. 

Magdalen College School. 

Malvern College. 

Marlborough College. 

Merchant Taylor’s School, E.C. 

Merchiston Castle School, Edin- 
burgh. 

Mill Hill School. 

Monkton Combe School, Bath. 

Nottingham High School. 

Oakham School. 

Royal Naval College, Osborne. 

Oundle School. 

St. Edward’s School, Oxford. 

Plymouth College. 

Portsmouth Grammar School. 

Reading School. 

Repton School. 

Rossall School. 

Rugby School. 

St. Alban’s School. 

Sedbergh School. 

Sherborne School. 

Shrewsbury School. 

St. Olave’s School, Southwark. 

Stonyhurst College. 

Blundell’s School, Tiverton. 

Tonbridge School. 

Wakefield Grammar School. 

Warwick School. 

Wellington College. 

Beaumont College, Windsor. 

Winchester College. 

Royal Grammar School, Worcester 

St. Peter’s School, York. 
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QUESTIONNAIRE. 
1. Name of School : 


2. Do you think it desirable that all boys coming to the School should 

be familiar with one uniform method for 
(a) multiplication of decimals ? (b) division of decimals ? 

3, If you think one uniform method desirable, would you like that 

method to be the one set out below for 
(a) multiplication ? (b) division ? 

4. If you approve of the method indicated, may the name of your 
School be given as so approving, if a circular is issued to the Preparatory 
Schools ? 

5. If you prefer some other method—but 70 per cent. of the Public 
Schools replying to this questionnaire declare in favour of the method 
given below—are you willing for the sake of uniformity to allow the name 
of your school to be given in the circular referred to in Question 4 above ? 

6. If you prefer some other method, will you indicate that method ? 

The methods suggested are the following : 


MULTIPLICATION. 
To multiply 17-63 by 34-1. 
Reduce the multiplier to standard form : 
17°63 x 34°1= 176°3 x 3°41. 
The process can then be set out in either of the following ways : 








(a) 1763 (b) 1763 
3°41 3°41 
528-9 528-9 
70°52 70°52 
1°763 _1:763 
601-183 601-183 


In (a) the unit figure of the multiplier is under the right hand figure 
of the multiplicand, and the decimal point in the answer under the 
decimal point in the multiplicand. 

In (b) the unit figure of the multiplier is under the unit figure of the 
multiplicand, and all decimal points are in a vertical line. 

Division. 

To divide 17°63 by 341. 17°63 1763 

Reduce the divisor to 34:1 3°41" 
standard form : | “SRT. 

3°41 | 1-763 
1-705 
580 
341 
2390 

The position of the first figure of the quotient is found by inspection 
as in short division. 

LETTER SENT WITH THE QUESTIONNAIRE. 
Crrist’s HospPirat, 

Dear Sir, July 13th, 1914. 

I have been instructed by the Public Schools Special Committee 
of the Mathematical Association to send the enclosed circular to the 
Senior Mathematical Masters of Public Schools. 
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The Committee, though fully recognising the desirability of variety 
of treatment in the teaching of Mathematics as a general rule, is of 
opinion that uniformity of method in certain fundamental processes 
in Arithmetic would be a great convenience, especially in multiplication 
and division of decimal fractions. 

If boys remained at the same schoo! during the whole of their Arith- 
metic course, each school would be independent in this matter and 
might reasonably object to any attempt to influence its actions. But 
such a large proportion of boys at some time change their school (princi- 
pally in passing from a Preparatory School to a Public School), that 
the work in certain parts of the Public Schools is handicapped by the 
want of uniformity of method. 

The Committee is consequently endeavouring to find out whether 
such uniformity is generally considered desirable as far as boys entering 
the Public Schools are concerned, and, if so, whether anything can be 
done to secure, if not complete uniformity, at any rate some approxi- 
mation to it. 

At a preliminary discussion the Committee examined the different 
methods in common use. It appeared that, though much might be 
said in favour of various methods, the only one at all likely to secure 
general support is the one described in the accompanying circular. 

If the replies to these questions should lead to any result, it is proposed 
to inform the Preparatory Schools, and it is hoped that a considerable 
number of them will adopt the methods agreed upon.—Yours faithfully. 


G. W. PatmeEr, Hon. Sec. 


THE BORDERED ANTILOGARITHM TABLE. 
By Pror. G. H. Bryan, F.R.S., anp T. G. CREAK, M.A. 


WHILE in recent years the market has been flooded with small books 
of mathematical tables, each of which reproduces most of the defects 
of the others, there are few tables, if any, which meet all requirements 
when it is necessary to use logarithms for operations involving both 
multiplication and division. In such cases logarithms of reciprocals 
are constantly needed. Few tables contain these, a notable. exception 
being the tables at the end of Carson and Smith’s Algebra. On the 
other hand, tables of reciprocals are often given, which are rarely of 
use except in geometrical optics, and only confusion is occasioned by 
the separation of the tables for logarithms and antilogarithms, and of 
those for sines and cosines. Either the table of antilogarithms or that 
of logarithms may be banished with advantage. 

If we retain the table of logarithms, it is impossible to obtain 
logarithms of reciprocals without performing an additional operation, 
which increases the work and the risk of error. Further, in the lowest 
parts of the scale the differences are large, and it is difficult to pick out 
the number which represents the logarithm correcily to four or five places 
of decimals as the case may be. 

Now a table of antilogarithms may be used to find logarithms of 
reciprocals in just the same way that sines and cosines can be taken 
from the same table. The left-hand column and top line contain the 
actual logarithms of the numbers tabulated in the area of the present 
table, while the right-hand column and bottom line give the comple- 
mentary logarithms or logarithms of the reciprocals. 

Moreover, in order to secure greater uniformity in the degree of 
accuracy of working, it will be seen that on the first page the results 
are tabulated to five significant figures, and on the second to four. 
The reason of this is that, in order to find the logarithm of a number 
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eorrect to four places, the number must be given to five figures in the 
lower parts of the scale, whereas in the higher parts it need only be 
jven to four figures, and, furthermore, a number in the higher parts 
of the scale can only be found correct to four figures from a table of 
four-figure logarithms. It will be seen that by this method the mean 
differences are neither too small nor too large. The important point to 
be noticed is that, in order to find a logarithm correct to four places, 
the mean differences must not be the same in any two columns, and, 
to ensure this, numbers less than 4 must be known correctly to five 
significant figures. Two examples will make this clear. 

Ex. 1. Multiply 1-058 by 8-926, using four-figure logarithms, the 
data being approximate. : 

Here 1-058 means some number between 1-0575 and 1-05849. With 
the present table we find, therefore, 

log 1-058 between -0243 and -0247 

log 8-926 = -9506 = -9506 

log product between -9749 and -9753 
product between 9-439 and 9-448 

Ex. 2. Find the number whose four-figure logarithm is -9457. 

Even if the result has not been arrived at by the addition of several 
logarithms, it represents a logarithm lying between -94565 and -945749. 
If we use a table of five-figure antilogarithms, or a seven-figure table, 
we shall find that the number lies between 8-8237 and 8-8257. Thus, 
even if we take the result as 8-825 to four significant figures, there is a 
possible error of +1 in the last place, and the fifth significant figure is of 
no value whatever. 

More generally, since a four-figure logarithm represents an approxi- 
mate value of a logarithm, the true value of which may differ from it 
by +0-00005, and since 0-00005 = log 1-000115, it follows that the 
number, when determined from a four-figure logarithm, may differ 
from its correct value by +0-000115 of the whole, or 0-0115 per cent. 
This does not take into account the cumulative error introduced when 
logarithms are added together or multiplied by some factor in the 
calculation of powers. 

We may look at the matter in another way by regarding four-figure 
logarithms as a collection of 10,000 numbers from 0000 to 9999. 
Accuracy in working depends on choosing the correct one of these 
numbers, and this is facilitated by tabulating each one separately, as 
isdone here, and giving the required data to the degree of approxima- 
tion necessary to make the correct choice in every instance. 

As the second half of the table does not occupy a whole page, the 
space is filled up by tables of the logarithms and logarithms of re- 
aprocals of numbers from 10 to 99, as well as the logs and log reciprocals 
of a few of the most important constants. As there is room on the page, 

are given to five places, a plan which should secure greater accu- 
lacy when powers and products are found, owing to figures carrying 
from the fifth to the fourth place. 

Personally I have always held that logarithms should be taught 
before indices, and if this is done it may be necessary to defer the 
introduction of this table till the pupils have got fairly advanced in 
thir work. As, however, the opposite practice commonly prevails, 
the use of these tables should, in most cases, facilitate matters. For 
this reason I have headed the tables ‘‘ Antilogarithms or Powers of 10.” 
It may be found even better to drop the somewhat clumsy name 
“Antilogarithm ”’ altogether, and to call the table merely one of ‘‘ Powers 
10.” Whether this change is desirable is probably a point on which 
differences of opinion exist. 
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N UN 
LOGARITHMS OF RECIPROCALS. —_ Pes: 
—— per eeraied ——— staat Sta Set + 1-50285 
SERVES RSERRRESESEST ESS 
— ———|—_—|__ —|—_— |____|__|___+ 1-56571 
‘1 | 100000 | 95861 | g2082 | 88606 85387 | 82391 | 79588 | 76955 | 74473 | 72125 at 0-36222 
2| 60897 | 67778 | 65758 | 63827 61979 | 60206 | 58503 | 56864 | 55284 | 53760} 40810? 2.20551 
3 52288 50864 | 49485 48149 | 46852 | 45603 | 44370 | 43180 49022 | 40804 Water d. 623 | 2 
4) 30704 | 38792 | 37675 | 36653 | 35655 | 34679 | 33724 | 32790 | 31876 | 30980] g=32-2 | 2-49214 
% aul0s | 29243 | 28400 27572 26761 | 25064 | 25181 24413 | 23657 | 22915] g—-981 | 3-00833 
‘S| 22185 | 21467 | 20761 | 20086 | 19882 | 18709 | 18045 | 17303 | 16749 | 16115 | «204 38/60] 1:88367 
7| 15490 | 14874 | 14967 | 13668 | 13077 | 12494 | 11919 | 11351 | 10791 | 10237 ~ 
8| 09601 | og152 | 08619 | o8092 | 07572 | 07058 | 06550 | 06048 | 05552 | 05061 | Ton 2240 | 4-64975 
9} 04576 | 04096 | 03621 | 03152 | 02687 | 02928 | 01773 | 01323 | 00877 | 00436 | Mile 5280 | 427737 
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SUGGESTIONS FOR NOTATION AND PRINTING. 


AUTHORS are requested to adhere as far as possible to the suggestions in 
the following tables of equivalent symbols. The Council of the London 
Mathematical Society has recently prepared a circular on the question 
of Mathematical printing, embodying the substance of an earlier circular 
on the same subject issued by the Royal Society. 


The most important of the suggestions are given below. 


Members 


of the M.A., who are interested, and who send a stamped addressed 
envelope to Dr. Bromwich, St. John’s College, Cambridge, will receive 


a copy of the circular in question. 


Instead of 
ae a | 
/2, iz? J13 } 
sn | 
Jax +2ba+e | 
ja 
Nb 
J/-1 
n.n+1.n+2 
(|n)?, |m+1, |2n, 2"\n 
ae vero 8 } 
a a+b a+b+te | 
TRS tg sa | 
a+b a a. . 
Cc : b + ¢ b | 
| 


a \ r 
pl(q+7/s) | 





a 


(pig +r)/s | 


ees 


| 
| 
‘ | 2 f | 
| 


0 0 


(2/) | * sin (rma/l) sin (sex/lyder | 
0 


2 or 94 
/2 or 23, 


Always print 


1/,/2 or 2-4, /13 or 134 


Jax? +2be+e) or (aa*+2ha+eh 


J(a/b) or (a/b) 
t or 2 
n(n+1)(n+2) 
(n!)?, (n+1)!, (2n)!, 2". n! 
a’, y', 1, 6 (by preference) 


ha, (a+b), }(at+b+e) 


(a+b)/e, a/(b+c), a/b+e | 


P/q, p/g+r/s (in current text) | 
P or p (: +") 
q+r/s ] 77. 
j ° / 
6 Mee or (P+r)/s 
8 q / 
1/z or x, 1/2" or a2 
p+3d a 
yrtalt 


los le’ 
3? + 45 


e7 nrx/l e7 x*/4kt 
’ C 


I. 


hr /n 
— | , | 
0 0 


9 fl ia F 
a « TR « S8E 
sin —— sin da * 
L Jo l l 








*It may be noted that an integral with limits always involves a double line: so that - 


the ordinary notation for fraction involves no additional use of ‘‘ spaces” beyond 


required for the integral in any case. 
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Al 


(i) 
If 
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But 


(ii) 
In 1 


De=. 
Her 


(iii) 
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452. [K'. 2. c.] (vol. viii. No. 117, p. 85, Note 446). Let MW be the centre of 
the n.p. circle. The rest of the notation as in Mr. Dobbs’ note. 

NT is 1' to BC. (SN should meet AF in O, the orthocentre.) 

Asin that note, DK.AF=r.GL. 

By Eue. IT. 13, 


NIP = NK2+7?-2r. NT. 








Also ($2)? - V?= power of A with respect to n.p. circle=DK.KF=r. GL. 
. NP =(§RP+r2-1(2NT+ GL). 
But 2NT+GL=SD+0F+GL 
=SD+FL+GL=SE=R; 
NP=(sR-ryY. QED. E. H. Smarr. 
453. [K'.20.e.] Geometrical Proofs of some Triangle Formulae. 


(i) 2 cos? A —2 cos A cos Bcos C=0. 
If 0 be the circumcentre, and Z, F the middle points of AC, AB, we have 


OE=RcosB, OF =RcosC, EOF=180°—A. 
Hence EF*=0E*+0F?-20E. OF cos EOF 
= h?(cos* B + cos* C'+ 2 cos B cos C'cos A). 
But EF=5 =Rsin A. Hence, etc. 
(ii) r=4R sin . sin - sin £. 
In the figure, DF is the diameter of the circumcircle |" to BC, and DK, IL 


are |" to IC, BC respectively. Then, since pic=por=4.+£, we have 
DC=DI. . 5 


Hence IC=2CK=2CD sin 8 ; 
ee orm Bo 
do r=10sin 5=20D sin > sin 5 
But CD=DFsin 4 =2R sin 2. Hence, etc. 


ti) sin 4 = (S-e=-9. 
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In the figure, BX, CY are 1* to AJ, and IM, IN 1" to AC, AB respectively, 


Then, since BXYLN is cyclic, 























A A B 
. BXN=BIN=90° - 9°? 
and similarly, CMY= ciy=4 i‘ c. 
F 
A 
JA\ \ 
F E 
8B 
det x wf 
B Cc D 
Fis. 1. Fic. 2. 
A 
N 
M 
Y 
B Cc 
x 
/ 
Fic. 3. 
A A A A 
Hence BXYVN=CMY. Also ABX=ACY. 
Hence As BXN, CMY are similar ; 
_ BY_ CY, 
* CR” 
. BX. CY=BN.CM=(s-—b)(s—c). 
a a OF. 
But soca et” taal 
_»4 BX.CY (s—6)(s~c) 
ms" kk ~ te 42M Rae 


454, [8.1.] The Working Conditions of the Common Pump. 


The text-books on Hydrostatics differ in the statement of the working 
conditions of the common pump. It is the object of the present paper t 


obtain these conditions in a form free from ambiguity. 
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Let the length of the pipe, measured vertically from the surface of the 
water to the bottom of the Select be denoted by a, the length of the barrel 
by }, the clearance-space (represented as a length) bai 
byc. Then b—c is the range of the piston ; it will = ii 

be convenient to put b—c=r. 

Let the height of the water-barometer be denoted 
by A, and the height above the free surface of the 6 
level of the water in the pump by «. 

Initially x is zero. If, as the result of any num- ees, Ee 
ber of successive strokes of the piston, x never a ee ES ss 
reaches the value a +c, then the pump “does not work.” 

There are two valves, one at the top of the pipe, 
one in the piston. It is clear that, if during a com- 
plete stroke either of these valves does not open, x 
will be unchanged during the following strokes, and 
the pump will not work. Consider the action of 
the piston-valve. This will en during a down- a 
stroke if the air below it is sufficiently compressed, 
and in this case the water-level will rise during the 
next following upstroke. The pressure below the 
piston required for the piston-valve to open during 
the downstroke is just greater than the pressure of 
the atmosphere. 

For the sake of brevity, let us suppose that at 
the beginning of a downstroke x>a<a+c; that 
is, let us suppose that the water-level is in the 
clearance-space, ‘The pressure of the air below the piston is then h—x at 
the beginning of the downstroke, and at the end of the downstroke, if 
b+a- 
e+a- 
¢+a—x respectively are the measures of the initial volume and the final 
volume. The pump will not work unless 























the piston-valve does not open, becomes (A —.) . since b+a-—. and 


_\Ota-x 
(A—<«) FO aa 
ie, unless h(b-—c)>2«(a+b-2) 
or hr > 2(a+b-—2). 


_ The value of x in this inequality may vary from =a to c=a+c. The 
interpretation of the inequality becomes obvious on plotting the values of 
2(a+6—.) for values of x from «=0 to c=a+b. The maximum ordinate of 
i oe so obtained is }(a+b)*, the corresponding value of x being 

@+ 0). 

Three cases present themselves. 

(1) @and a+c may both be less than $(a+6). In this case the greatest 
value of x(a+b-—2x) occurs when x=a+ec and is (a+c)r. To ensure 
hr > x(a+b—.x) it is only necessary that 


h>ate. 
(2) a may be less than $(a+6), a+c greater than (a+b). In this case 


the greatest value of x«(a+b-—.x) occurs when «=}(a+b) and is }(a+b)* 
To ensure hr > «(a+b -—.r) it is necessary that 


hr >}(a+b). 


(3) a and a+c may both be greater than $(a+6). In this case the greatest 
value of «(a+b —.x) occurs when =a and is ab. To ensure hr>«(a+b-—.x) 
itis necessary that ke > eb 
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In the diagram, the first case is illustrated by 0A =a, OB=a +c, the second 
case by OC=a, OD=a+-<e, the third by OF=a, OF=a+e. 








Ad ath ath x 


In each of the three cases we have found a single condition. In the first 
case it is clear from the previous argument, or is easily shown algebraically, 
that, when h>a+c, the relation 


hr>ab 
is necessarily satisfied. In the second case we see similarly that the two 
relations h>ate, 

hr>ab 
are necessarily satisfied if Ar>j}(a+b). Finally, in the third case, when 
hr>ab, the relation h>ate 


is necessarily satisfied. 
It may be worth while to notice that 


hi>ab 


is the condition that the water shall rise to the top of the pipe. The con- 
dition that the water shall rise above a level x in the pipe is 


hr > be. 


If in the diagram we introduce ordinates to represent the values of bx from 
x=0 to x=a, we obtain a straight line such as, for the third case, OZ’. 
H. E. Scumrv. 


455. [P'.3.b.a.] Retro-Azimuthal Projections (cf. Gazette, No. 108, Dee. 
1913, pp. 208 et sqq.). 

Let O be the centre of the map, and /” any point of the map. 

It is necessary to distinguish two kinds of R.a. projections. 

(i) The bearing of 0 from P is represented correctly, on the map, by the 
angle between the straight line OP and the meridian through P. 

e shall refer to this as of the “ First kind.” 

(ii) The bearing of 0 from P is represented correctly, on the map, by the 
angle between the straight line OP and the central meridian. 

his will be referred to as of the “Second kind.” 

The problem has been solved in the following cases : 

First kind.—Orthomorphic. The Stereographic projection is both Az- 
muthal and Retro-Azimuthal. This solution is due to Mr. J. I. Craig. It 
obviously requires no proof. E 

he map of the Egyptian Survey Department belongs to both kinds, seeing 
that the meridians are an lines and parallel to one another. 

Equidistant. A solution by Hammer. 

Second kind.—Orthomorphic. Solution due to Dr. Maurer, published, o 
some date in 1911 or 1912, in Petermann. The meridians and parallels are 
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a system of confocal hyperbolas and ellipses, and the projection is retro- 
azimuthal with respect to any point on the central meridian. 

I owe some of the above information to the courtesy of Mr. Hinks, who 
was kind enough to lend me a letter from Mr. Craig containing references to 
the first, third, and fourth of the above cases. 

Retro-Azimuthal Projections of the second kind. 

Taking the earth as a sphere, let P be a point on the sphere (of radius 
unity), p its correspondent on the plane. 

P is in longitude / and latitude u. [/, of course, is difference of longitude.} 
p is the point (2, y). 

0, the centre of the projection, is in latitude a. 

The R.A. condition is 



































Z—sin 6 CORE = COG BAIG 5505s esccsspacconsscesiseocens (i) 
Orthomorphic. Consider the orthomorphic transformation formula 
PPP ABD CGE MH). incense. cciccerscavscnceceossss (ii) 
This gives x=sinl, secu, | 





y=cos/. tan w J 
or, transferring the origin to the point (0, tan a), we have 
x=sin/.secu, 
y=cos/.tanu-—tana. 
These values of x and y evidently satisfy (i): also, since a is arbitrary the 
RA. property is true for every point on 2=0. 
The equations to the meridians and parallels are, obviously, 
- oo | 
~--4)=1 
sin?/ cos? / 3 (iv) 
- 2 - | astnge Peep aaewouces sateceh cde 


referred to the same origin as equations (iii), 7.e. a point on the equator. 
Equal Area. In addition to (i), we have * 


a(x, y) 
d'(1, u) 

Combining these, after some reduction, we get 
cosu.cos/+sinu.tana dx* sinu—cosu.cos/.tana dz? 








PE. saa gsuionctaksteeerisaepedsekessscaee (v) 











sin 2. cos u * @e sin? 2. cos u Ou 2. ...(vi) 
Lagrange’s equations are 
cos u.sin/. dl cosu.sin?/.du dx? s 
rrr ena sees (vii) 





cosu.cos¢?+sinw.tana sinw—cosu.cos/.tana 2° 
I have only been able to get a solution to these equations in the special 
case a=0. 
In this case the equations reduce to 
tan? .dl=cotu.sin?l.du=dzx*/2. 


From the first and last of these we have 














PR MO Rin nsseinrinisiscssecicees nied (viii) 
Also we have }.cotl. dx*=dl, 
3 . cosec® /dx* =cot u. du ; 
hence 1. dx*=cot u.du—cotl. dl, 
te. x? —2. log(sin u/sin 2) = K’. ............scecsssceeesees (ix) 
*d' stands for 0, e.g. < e “4 stands for Pett 
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Hence the general solution is Wi 
x? — log sec? = f[a* — log(sin? u/sin? Z)]. ........0.0eeceseenes (x) 
Jonsider the solution 
ee a=,/(log sec), \ : = 
giving guiflleguel).ott.ame le (xi) 
Before a an this solution we must determine the limit, as 7 approaches i 
zero, of ./(log sec /). cot l. 
It=Ltcot/.,/[ —log(1 —77/2)+...] 
=}, after an easy reduction. 
The equation to a meridian is 
x=,/(log sec 2), 
and the equation to a parallel is 
y=. sin u/./(e—1). 
G. P. Buage Tl 
Bradfield College, Berks. he 
456. [D. 6. c. 5.] Investigation of a simple formula for calculating the * 
successive “ numbers of Bernoulli.” (3), 
Let syrymaotae tags +, sedvicesdeasonsegestan eel (1) 
where @,, —@,, @g, —@g, ... are Bernoulli’s numbers. 
Then e(y)=yt+x; 
. @Y+y)="At1 and #(y,+2y,+y)=Yo, ete. 
°, putting r=0, =. a, Fp =a, +1 [Whence ap=1], ..2.......0cceseseseceeeee (2) F 
dy +2a,+a)=a, [whence a,= —4], and so on ; the | 
the expansion on the left being of binomial type, with suffixes instead of of tl 
powers. If 
If we symbolize a,, a3, a4, ... by a’, a’, a‘, etc., and remember that a)=1, 
the formulae, excluding the first, become 
(a+1P=a7, (a+1%=a, (a+1)f=at, ete. .........ceceeees (3) 
Hence we obtain the difference equations, - 
a(a+1P=a*(a-1), a(a+1)8=a5(a-1), a(a+1)'=a*(a—-1), ete.; ...(4) 2 
and, again taking differences, 
a*(a+1P=a2(a—-1), a*(a+1P=a3(a—1)?, ete, .........eeeees (5) 4 
and, generally, PE I BG 5 adsccncctccessacccsseccvasesgeu (6) : 
with the exception of (2) and any processes involving (2). the 
These are avoided if s is greater than 1. AO: 
The series of equations reci 
a*(a+1P=a*(a-1), a(a+1%=a5(a—-1), ...... a’(a+1)=a"(a-1ly, elliy 
shows that all the odd a’s, except a,, are zero; and the equations _ 
a(a+1P=a%(a-1), a(a+1P=a%(a—-1), ...... ; A 
ie. a®(a+1)"*?=a"*(a—-1)", Geo 
determine in succession the values of a, a4, ... Gen. rep! 
Thus, from a(a+1)?=a*(a—1) we have a;+2a,+a,=a;—4a,; 
. 3a@g=—Q,; ©. Gg=}; 4 
and, from the next equation, we obtain (é- 
a; +3a,+3a,+d,=a,—2a,+a3, also a,=0; I 


- 5a,+a,=0; . a,= — xy- 
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When x > 1, we can use the general equation, 
a"(a+1)"*!=a"*!(a-—1)", and omit the odd a’s ; 


whence, writing C, for "C, and C,’ for "+}C,, we have 


Cy’ don + C3'dn_o + Cy Ong t ... + Cidon + CQn—2 + CrQn—gt ... =O 3 ........€7) 
g. if n=2, 3, 4, 5, 6 in succession, 
(3+2)a,+(1+0)a,=0, . €y=—ay3 
(4+3)ag,+(4+1)a,=0, “. adg=$ of 35=75; 
(5+4)ag+(10+4)a,+(1+0)a,=0, . ag=h-}4h}=-5b; 
5 


(6 +5)ayy+(204+10)ag+(6+1)ag=0, +. ay=P{1-}} =; 
(7 +6) ay. + (35 + 20) a,9+(21 +6)a,+(1+0)a,=0, 
. dhe=psl- + yo- dah = — Sao 

The positive values of these fractions, beginning with a,, are Bernoulli’s 
numbers, generally denoted by B,, B,,.... The above results give them as 
faras B,. The next one, B,, is {; after that they are heavy numbers. 

The advantage of formula (7), as a basis of calculation, over the formula 
(3), which is usually taken as the basis, is two-fold : 

(1) The calculation of any coefficient a2,, when 7 is even, depends on 
3n previous coefficients instead of »+1 coefficients ; and, when x is odd, 
it depends on $(n—1) coefficients instead of n+1. 

(2) The multipliers needed in (7) are much lighter than those of (3), 
as they consist of pairs of bivomial coefficients of degrees n+1 and n 
instead of binomial coefficients of degree 2x +1. 

For example, a, is calculated from 4 terms, with binomial multipliers of 
the 9" and 10 degrees, instead of from 10 terms with binomial multipliers 
of the 19 degree. 

If desired, formula (7) may be written in the form 


2rn-1 2n—-3 
a Cy. Cay—2 + - — C4. dong oe ’ 


but it is rather easier to work in its original form, and it is probably easiest 
to remember in the unreduced symbolic form, 


a"(a+1)"t?=a"*!(a—1)". A. Loner. 


457. [L'.a.] In Russell’s Pure Geometry (1893, p. 47) it is “ proved” 
that a pair of points is a conic by reciprocating a pair of straight lines. 
Now a pair of straight lines, AOB, COD, is a conic only when considered as 
the limit of a hyperbola, z.e. if the order of description be AOCDOBA or 
AODCOBA. The tangent to such a conic rotates at 0, and the true 
reciprocal is seen to be either the finite straight line which is the limit of an 
ellipse, or the straight line with a finite gap which is the limit of a hyper- 
bola. The paradox that two points, though a conic, cannot be obtained as a 
section of a cone, is thus avoided. 

A similar argument applies to the statement in Askwith’s Analytical 
Geometry (1908, p. 397), that the tangential equation of the second degree 
represents two points when it reduces to the form 


(Al+ Bm+ Cn) (Al’+ B’m+ C'n)=0. 


(2n +1)don+ 


C. W. Apams. 

458. [D. 6. c.] On certain coefficients connected with the expansions of 
(@-1)", (eby He) and (x+1)(x+2)(v+3) ... (+n). 

Let f, 71, fo, --- denote any function of x and its 1%, 2™4, ,.. differential 

coefficients. 
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By —— two or three times, it is seen that (#D)"f may be expressed 


in the form k 
n,2 n. 


; ee 
bn tht Ty 2 fat we + In Foal ; 


where the /#’s are independent of x, and of the form of f(x) ; also 
ki=l, b,n=|2. 
It will be found that ar 
ky, =r —r(r— ye =D payee (=e, 


which is the coefficient of in in (e7—1)’. 
n 


For the expansion of this last see Boole’s Finite Differences, ard for the 
formula, ba, p= t{kn-1, r-1-+ha-1, 7} ; 
and by using this, a table of the #’s may easily be formed. 

Some of the summations may be effected without much trouble ; we have 


_r(r+1)(r+2) 


1 
[rp rtar= |4 (38r+1), 


whence 

yrtl at, (r- 1)\(r- 1y+ Pi en 74 - Ne. Q)"+2 ee ae (3r+ 1). 

r(r+ I(r+ 2)(r+3) ty 
|6 


aa a r+3 
r Se 2) p—ayret— 3 (15024 159) 


To connect these coefficients with the expansion of 


(a+1)(v+2)(7+3)...(v+n), 
let the latter be written in descending powers of x in the form 
Ont” + Bye + 7,0" +... 5 
n kn, n—1 hn, n-2 


. i 
and let us write Tn =p, [n—1e™ [n— 9 


Similarly 1 hea, r= 


[r 
and r*8—(r—1)(r—1+*+' 


(1577+ 15r), 


=¢C,, etc.; 


we shall find that if B,=¢(n), then b,=¢(-72); 
if ya=x(m), then ¢,= x(- n—1); 
if §,=V(n), then d,=W(—n—-2); 
the same law of formation continuing ; here 6 and B may be interchanged, 
also c and y, etc. As negative indices are inadmissible, the &’s must be 
summed (see above) before using these results. 
These quantities form recurring series, continued to infinity in either 
direction ; consider for example the c’s and y’s. The series for these is 
. 65, 25, 7, 1, 0, 0, 0, 2, 11, 35,/85, ... 
(the scale of relation being 
Ug — 5tn-1 + 10u, -2= 10%,-3+ 5Un—4 —Un-—s =0). 
This series may be denoted by either c’s or y’s, admitting negative suffixes 
in each case. 
Thus y-;=65, y-4=25, y-3=7, etc.; 
employing c’s, we have c,=65, c,;=25, ¢,=7, etc. 
rnoulli’s numbers may be expressed in terms of the #’s in several ways. 
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a 
ir a+ 


; i B 
Let #21 = Bot By«t+ rg ete. (Bon41=0, except B,) ; 
then we have i 


: 11 1 
(i) By=-5+3hn.2- 


ghnat-.. tonterms; (see Boole) 


<s 3(2°*? — 1) i Pa Fe i : sie 
(ii) —- n+l Busi= —9t gahn2- ga hn, 3 oe to x ternis ; 
a oe ae is 1 y 
(iii) Bon-2= 5) \ — 95 han ot 3a ben, 3— +e — yan, Qu f 3 
” \ Ee cos *™ 
(iv) = B= 2(-17*".= —— k,,,, (n> 1). 
n r=1 =-1 
2° G. Osporn. 
459. [D. 6. b; V. a. 6.] It is usual to make the proofs of the theorems 
2 } 
lim 8! — tans 
z>0 & z>0 « 


depend on certain geometrical inequalities, commonly taken as intuitive, 
which involve the length of-a circular are. It does not seem to be generally 
recognised that the radian can be introduced in a natural way, the above 
theorems and others connected with them proved, and the attribution of 
length to a circular are justified without further recourse to geometry than 
is necessary for the proof of the addition theorems. The following notes 
indicate the method : 

1. if s, be the sum of the first » terms of a sequence steadily increasing 
(decreasing) in the stricter sense, then the sequence of which the xth term is 
§ HF : ‘ 
steadily increases (decreases) in the stricter sense. 

n 
2. So long as all the multiples concerned of the angle specified by a are 
acute angles, the sequences of which the nth terms are 
sin na—sin(n—1)a, tanrna—tan(rn—l1)a 
steadily decrease, increase respectively in the stricter sense. For 
sin ra —sin(z—1)a=2sin $a. cos $(2n—1)a, 
tan xa — tan(z —1)a=sin a sec na sec(n — 1)a. 

3. With the same restriction, the sequences of which the xth terms are 
sinna tan na : : , . 2 
——, ——— steadily decrease, increase respectively in the stricter sense. 

n n 4 5 
From (1, 2). 

4. Extension of (3) in an obvious way to the case where x specifies any 
positive number satisfying the condition of (2) leads to the theorems: 
anna tanna : . : ; ‘ ° 
——, ——— are respectively steadily decreasing, increasing functions of x 

n n . ’ 
so long as za specifies an acute angle ; and hence obviously to the theorems : 
ty p tan —.a are respectively steadily increasing, decreasing functions 

P 


es “ae l 
of p so long as p specifies a positive number and — . a an acute angle. 
? 


a: H 2 
5. Since, further, p tan : .a—psin—.a= as : (p tan. «) 3 ( 2p sin B : a) 
ae P a. P 2p 
is positive and tends to zero as p—> o, therefore 
lim p sin, a, lim ptan i .a 
pao P poo P 


exist and are equal. For this theorem there is no necessary restriction on a. 
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6. Lim psin} . 6 is directly proportional to 6. For if 
die P : a 4 at 
lim psin—.a=a, limpsin—, §=2, 
p>2 Pp p>2 Pp 
and @:a=m, then 


v=lim psin : .6=m lim (2 -sin 2, a) =ma. 
P m m 


Hence the unit of angle may be so chosen that the measure of the 
(variable) angle specified by 6 is lim psin l 6. In this system the measure 
Q ) 


pP> 
of a straight angle is denoted by z. 


7. Discarding now the expression “sine (etc.) of an angle” in favour of 
“sine (etc.) of the number which is the measure of the angle,” in terms of the 
unit adopted in (6), the theorems proved may be stated: if 2 be any 
positive number, then, as p>o, psinz/p, ptanz/p steadily increase, 
decrease respectively toward « as limit. The theorems 
lim ain 2 _) =lim @2* 
z—>0 # rao 7 


follow immediately, as also the theorems : 
sine tans 


, 





r &. 
steadily decrease, increase respectively as x increases from 0 to 7/2. 
8. Let a be a (fixed) positive number, a, a, ...@n positive numbers such 
n 
that (i) © ar=a; (ii) lim ar-=0 (r=1, 2, ... 2), then 
r=1 n—->o 


n n 


lim Ssinar=a=lim > tana,. 
n—>or=1 n—>o r=1 
. , sin ar 
For E sin ap=a-Sar(1- ~ , etc. 
* 
Similarly for tan. This justifies the attribution of length to an are of 
a circle. J. P. GABBaTrt. 


Canterbury College, Christchurch, N.Z. 


460. [K’.6.a; V.a.c.] A Note on the Teaching of Co-ordinate Geometry. 


There are certain treatments of mathematical problems which we may 
perhaps term qualitative methods. To one such method I should like to 
call attention. It will often be found useful in a preliminary examination 
of a curve whose equation is given, and will serve for a quick rough location 
of a drawing with regard to the two sides of some particular line. a 

There is always a difficulty in deciding which is to be taken as the positive 
and which the negative side of a line whose equation is given. It is easy 
enough to ascertain whether two points whose co-ordinates are given lie on 
the same or on opposite sides of a given line ; but any convention as to positive: 
or negative-ness always seems arbitrary. 4 ; 

With the conventional method of drawing the axes of co-ordinates, 1.6. 
with the axis of z always drawn from left to right and the axis of y always 
from the foot of the page towards the top—directly or obliquely—there 
always a right-hand and a left-hand side to any straight line—always an 
upper and a lower side; and it is quite easy to show that, if the point (7 »¥) 
is off the line Ax+ By+C =0, it lies to the right or left of the line according 
pe Bas a is positive or negative, and above or below the line according 


as & — = is positive or negative. 
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In fact, if P is the point (2’, y’ ‘) and PM, PN parallel to Oz, Oy meet the 
line in M and N respectively, it is an excellent e ementary exercise to show 


that up =42 +4 oy. +O sd that NP 42 ot + 22. 


This may be used consistently auinaghietis a scheme of teaching co-ordinate 
geometry in making preliminary investigations regarding any conic whose 
equation is given. Such a fact as that the lines 

Azx+By+C+X(A'x+ By+C’)=0 
are harmonically conjugate with regard to 
Azx+By+C=0 and A’x+ B’y+C=0* 
is rendered easily demonstrable. 

The parabola (az + Sy)? + 2ga+2fy +c =0 can be written 

ax+By\? 29 2gx+2fy+e 
a eh Sy 29 2 

The left-hand side of the equation being always positive, so must be the 
right-hand side; and this shows that the whole curve lies to the right or left 
of the line 297+ 2fy+¢=0 (which it touches, where ax+ Sy =0 cuts it) accord- 
ing as g is negative or positive. 

f the general equation of the second degree, 

ax* + 2hay + by? + 29x + 2fy+c=0, 
represents an ellipse. Then, writing it in the form 

2, 2h) Oe 29 2gx+2fyte 

ert = - oc ; 

since ab — h® is positive the left-hand side of the equation is always positive ; 
and again we have that the whole curve lies entirely to the right or left of the 
straight line 297+ 2fy+c=0, according as - is negative or positive. 

If again the equation represents an hyperbola, it is an easy algebraical 
exercise to transform it to the form 

(a,x +b,y+¢,) (av +b,y+c.)+K=0; 

AyTt+by+C, Gyxt+byy+C,_ _ E 3 
= ad : a, aa," 
we see that if —* is negative, the expressions 

aa, 


and, writing this 





ayxtbyte, art+bsy+ cy 
ay, dy 
must be of the same sign; i.e. the whole curve must lie to the right or to 
the left of both the lines a,x+b,y+c,=0 and a.x+by+c,=0; but that if 


is positive, it must lie to the right of one and to the left of the other of 


these lines, or vice versa. 

This idea may be extended to solid Geometry : for, with the conventional 
way of drawing a representation of the planes of reference, there is always a 
right-hand and a left-hand side to any other plane, always an upper side and 
a lower side, always a front and a back: and it can be seen that the point 
(z’, y’, 2’) is to the right or left of the plane Ax+ By+Cz+D=0, according as 
Ag+ By'+C2’+D .; 

A 


according as— 


is positive or negative, in front of or behind the plane, 
Az’ +-By'+Cz'+D ; 





is positive or negative; above or below the 


: 2 
Aa'+ By +Ce+D; is positive or ie aE 


plane, according as ° ; 
ee a 2 Epwarps, 





* And hence that, for all values of \, Ax+By+ C4n(4'e+ B’y+ C’)=0, are conjugate 
fays of a pencil in involution. 
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461. [C.2.j; L'.9.¢.] Approximate Formulae for the Perimeter of an Ellipse, 
The perimeter (P) is 4aH(), where £(6) is obtained from tables of 
elliptic functions, and @ is arc sine. 

Also the perimeter is given by the series 2ra(1—}e?— fi e*— a3 ,e*-...) 
which converges too slowly for rapid calculation. 

The unsatisfactory formula 27a(1 —0°364e"), found in a text book, led to 
an investigation into the availability of an expression of this type, or of that 
commonly used: 27aV1—O'5e*. If such a type is used, it can only be 
approximate for a limited range of values of b/a, and two formulae are really 
necessary ; even then it is difficult to obtain two which cover the whole 
range and give satisfactory results for the middle cases. The formulae 
suggested for this type are no. (ii) below. A logarithmic formula, however, 
gives good results except for values of b/a less than 0°15, which would rarely 
occur. For this I am indebted to Professor J. P. Dalton, of Johannesburg, 

The following values for ?/2z7«a may be used within the range specifi 
with an error of less than one per cent. 


Formula for P/2qa. Range for b/a. 
(i) 2H(A)/x 0-1 
(ii) {1 —0°28e? 0°64—-1 
(1 —0°21e? —0°13e4 0°25 —-1 
(iii) 1+ log,)(0°998 — 0°55e") O°15-1 
(iv) /(1—0%e?) O7 -1 
(v) 3$(1+6/a) 07 —1 
(vi) /(b/a) 08 —-1 


The following are values of 1000//27a, calculated by the different 
formulae : 

b/a 1 0-985 0-940 0-866 0-766 0-707 0-643 0-5 0-342 0-174 6 
(i) 1000 992 970 934 887 861 831 771 712 662 637 
(ii £1000 992 967 930 885 860 836 

1) {1000 994 974 939 891 862 833 770 714 675 660 
(iii) 999 992 970 935 887 859 829 768 710 667 651 
(iv) 1000 992 970 935 891 866 841 791 747 718 707 
(v) 1000 993 970 933 883 854 
(vi) 1000 992 970 931 875 

P. CoLeMAs, 
Union Buildings, Pretoria. 


REVIEWS. 


Plane Geometry, Parts I. anp II. By G. Sr. L. Carson and D. E. 
SmirH. Pp. 480. Each Part, 2s. 6d. (Ginn.) 

The publication of Part II. completes this work, of which the earlier portion 
has already been noticed in the Gazette. In their preface the authors express 
the hope “that the spirit of scholarship and the sense of aesthetic value im 
geometry, as set forth in this work, may appeal to a large number of English- 
speaking teachers of mathematics.” The authors have aimed high; an 
examination of their work will show that they have not failed. Their book 
is one which Euclid, if he could get acquainted with it, would probably read 
with interest and approval. He might regret that the old maxim, “no 
superfluity,” was not held in such regard as was usual in his times; 
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but he would not fail to see that the subject was clearly developed, that 
the explanations shirked no difficulties, and that the propositions were 
fully demonstrated. He would recognise the honour done to the ancients 
by the way in which Book V., which deals with similar triangles and polygons, 
jeads up to one of their great achievements, the construction of a polygon 
equivalent to one given polygon and similar to another, and he would 

preciate the Pythagorean climax of Book VI. (on regular polygons), in the 
construction of the regular pentagon. In the appendix he would find theorems 
on maxima and minima, too little known to this day in English schools, and 
two final problems on the sides of a regular polygon which will enable the 
modern schoolboy to understand how it was that Archimedes was able to 
get a close approximation to the value of 7. 

Book IV. deals with ratio and proportion, and the use of these in the geo- 
metry of the rectangle and the triangle. The treatment of ratio is exact, 
and the subject is well explained. The ratio of two magnitudes A and B 
of the same kind is said to be that of m to n, A being made of m parts, and 
B of n parts, all the parts being equal to one another. Thus to deal with a 
ratio such as that of A to B it is necessary to find a numerical ratio which is 
its equivalent. The difficulty of the method of sub-multiples (which involves 
the finding of a common measure) is avoided by the use of the theorem that 
ifnA=mB, A: B must be equal to m:n. This leads to an explanation of 
amethod by which, using multiples, the ratio m:n can be found where it is 

ible to do so. The ratio m:n must be, in such a case, a rational ratio. 
us we get part of Euclid’s definition of proportion in a new form, “If the 
magnitudes of two ratios are commensurable, the two ratios are equal if both 
ratios are equal to the same rational ratio.” A similar transformation of 
the remainder of Euclid’s definition supplies a means of defining the equality 
of two ratios when the magnitudes of one of the ratios are incommensurable. 
From this point the proofs of the fundamental propositions in proportion 
are set out in two parts, and the authors suggest that beginners should in 
each case learn only the first of these parts, that is, the part dealing with 
commensurable magnitudes. The only numerical ratios used are rational 
ratios. 

The subject of Book III. is the geometry of the circle. Its thirty proposi- 
tions contain rather more of the subject than Euclid put into his book of the 
same number. The tangent at a point P on a curve is defined as a line drawn 
from P such that chords of unlimitedly short length, also drawn from P, 
make angles of unlimited smallness with the line. A postulate has to be 
wed, that ‘“‘an unlimitedly short line drawn from any point subtends an 
wmlimitedly small angle at any other point.” If P is the first point, O the 
second, and PQ the diminishing line, the postulate is true however near O 
isto P. The beginner may be reminded that in such a case, as in all others, 
the line OP remains of fixed length while the diminution of PQ is in progress. 

Another point may be mentioned. In the earlier parts of this book the 
suthors were careful to give complete demonstrations of locus-theorems. 
dealing with the theorem (in Book IV.) that the locus of a point which moves 
80 that its distances from two fixed points are in a given ratio is a circle they 
show that—A and B being the fixed points, CD the diameter of the circle, 
4, C, B, D being in a straight line—any point at which AC, CB subtend 
equal angles lies on the circle, but they do not show that AC, CB subtend 
equal angles at any point on the circle. The omission may be due to the 
fact that the point has been described as moving. There is here a concealed 
postulate that the motion is possible. 

There is no doubt that this book would bring a permanent benefit to any 
mind that had intelligently studied it. It has been said that appreciation 
of an ordered whole of instruction such as this,is only possible to an adult 
mind. But there are some minds which are sufficiently developed at fairly 
early ages to feel its value ; as for the others, one can only say that the intro- 
duction and the various permissions and explanations scattered through the 

k make the study of geometry as easy as it is possible to make it ; no 

k can make the study a really easy one. This book can be confidently 
reeommended to any teacher who is in search of a text-book for his pupils. 
T. M. A. Cooper. 
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A Theory of Time and Space. By Atrrep A. Ross, M.A. Pp. vi+373, 
10s. 6d. net. 1914. (Cambridge University Press.) 

The Principles of Relativity. By E. Cunnryeuam, M.A. Pp. xiv+222, 
9s. net. 1914. (Cambridge University Press.) 

The Theory of Relativity. By L. Smserstermn, Ph.D. Pp. viii+295. 
10s. net. 1914. (London: Macmillan & Co.) 

Clerk Maxwell, in his remarkable manual of Elementary Science called 
Matter and Motion, which was published in 1876 by the Society for Promoti 
— Knowledge, closes a short paragraph on Absolute Space with these 
words : 

* All our knowledge, both of time and space, is essentially relative. When 
a man has acquired the habit of putting words together, without troubling 
himself to form the thoughts which ought to correspond to them, it is easy 
for him to frame an antithesis between this relative knowledge and a so-called 
absolute knowledge, and to point out our ignorance of the absolute position 
of a point as an instance of the limitation of our faculties. Any one, however, 
who will try to imagine the state of a mind conscious of knowing the absolute 
position of a point will ever after be content with our relative knowledge.” 

The section preceding that just quoted is ‘“‘ On the Idea of Time,” in 
it Maxwell speaks of two events of astronomical interest, of which the first 
named must have occurred either before or after the other, or else at the 
same time. Mr. Robb, however, in his book on Space and Time, does not 
admit that an event which is neither before nor after another event is neoes- 
sarily simultaneous with it. According to the view brought forward by 
him the only events which are really simultaneous are events which occur 
at the same place. When events occur at different places, all that can be 
said of them is that one is neither before nor after the other. The meaning 
is illustrated by a reference to Fizeau’s experiment for determining the velocity 
of light. Let a flash be sent out from a point P at an instant A, and be 
reflected from Q so as to come back to P at the instant C. Then the instant 
B at which it reaches Q must be after A and before C ; but we have no means 
of identifying any particular instant between A and C at the point P with 
the instant B at the point Q. So long as we keep to the set of instante of 
which any one individual is directly conscious, or the set of instants whicha 
single particle of matter occupies, one instant which is neither before nor 
after another is identical with it; but this cannot be logically asserted of 
sets of instants occupied by different particles. Mr. Robb is thus led to 
the idea of what he calls “conical order”’ ; from which conception with the 
aid of twenty-one postulates and more than two hundred theorems he con- 
structs a geometry in which every element is determined by four coordinates. 
These coordinates may be made to correspond to the usual space coordinates 
x, y, z, and the time coordinate ¢. 

In this four dimensional space a point represents a state of a particle ata 
given time ; and from Mr. Robb’s point of view “ the theory of space becomes 
absorbed in the theory of time, spacial relations being regarded as the mani- 
festation of the fact that the elements of time form a system in conical order— 
a conception which may be analysed in terms of the relations of After and 
Before.” This Theory of Space and Time is in short a novel presentation 
of those inter-relations which are usually referred to as coming within the 
domain of the Theory of Relativity. Mr. Robb is meanwhile content with 
having established a consistent geometry of space and time relationships, 
in which a greater precision of definition of certain somewhat elusive kine 
matical conceptions is given than has hitherto been possible. Further de- 
velopments and applications are left for a future volume. 

On the other hand, Mr. Cunningham and Dr. Silberstein aim at giving, 
in their respective books, a complete account of the present position of the 
Theory of Relativity. Both trace its historic development through the works 
of Maxwell, Hertz, Heaviside, Larmor, Lorentz, Einstein, and Minkowski. 
Both cover, to a large extent, the same ground; and both are to be com 
gratulated on the way in which they have accomplished their task. Badh 
author has thoroughly assimilated in his own mind the whole doctrine o 
relativity, and gives his own characteristic presentation of it. 
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Broadly speaking, Mr. Cunningham and Dr. Silberstein discuss in similar 
fashion the course of events, both experimental and theoretical, which led 
Lorentz to the transformation formulae known by his name, and Einstein 
to the enunciation of the underlying principles of relativity. Thereafter, 
however, especially in their treatment of Minkowski’s conceptions, the two 
authors part company. Mr. Cunningham follows Minkowski in the use of 
the four dimensional calculus with the four-vector and six-vector. Dr. 
Silberstein works with the quaternion calculus throughout. 

In his first paper on the electromagnetic equations, Minkowski referred to 
the possibility of using Hamilton’s quaternion calculus instead of Cayley’s 
matrix calculus, but regarded the former as too narrow and clumsy. This 
is not the opinion of Dr. Silberstein ; nor is it the view of Professor Conway, 
who was the first to show (Proc. R.I.A. 1911) how to apply Hamilton’s calculus 
tothe relativity principle. It is interesting to note that the non-quaternionic 
yector analyses do not lend themselves at all readily to this kind of investi- 
gation, although, as Mr. Cunningham’s pages abundantly testify, any form 
of vector analysis notation is of great service in all electromagnetic theory. 
The broad distinction between Minkowski’s matrix method and the quaternion 
treatment advocated by Conway and Silberstein is clearly put in the following 
quotation from the latter : 

“In advocating here the cause of quaternions I am doing so not only 
because they furnish us very short formulae and simplify their handling. 
Quite independently of this the quaternion seems to me intrinsically better 
adapted than the world-vector to express that ‘union’ of time and space 
which was (too strongly, perhaps) emphasized by Minkowski. For although 
there is a certain union between the two, which manifests itself when we 

from one system to another, there is no total fusion. In each system, 
out of the four scalars x, y, z, 1, the first three are more intimately bound 
to one another than any of them to the last one. The first three are artificial 
components of a vector, r, which certainly is a more immediate entity than 
each of them. Now, in a four-vector, as well as in a matrix, 2, y, z, l are, 
as it were, on entirely equal footing with one another, being the four ‘com- 
ponents’ of the former, or the ‘four’ constituents of the latter. On the 
other hand, a quaternion q has a distinct vector part Vq, and a scalar part 
8q, and none of the components of the former can be confounded with the 
latter. Now, the position of a particle is determined by a vector (in its 
ordinary sense), and its date by a scalar. What then more natural than to 
take the first as the V and to embody the second in the S of the quaternion ? 
Let us therefore combine the position vector r of a particle with its 

date 1= ict [where .=\/ — 1], into a quaternion 


q=l+r, 


which, if it needed 9, name of its own, we might call the position quaternion 
... an abbreviation for ‘ position-date quaternion.’ ” 

Thus, as originally pointed out by Conway, the quaternion takes the place 
of Minkowski’s four-vector; and the six-vector is immediately symbolised 
by Hamilton’s bi-vector, namely, r+g. Then there are the closely connected 
quaternion differential operators 


V -«cm 3 Vtic ic] 


Oe ot’ 

in which c is the speed of light, and of which the successive application gives 
tise to the operator 3 
Vet+re 5p" 
Minkowski’s lor and lor’ are practically these differential operators, whose 

laws of combination had already been studied by quaternionists. 
Different though the methods of treatment are, as indicated by the account 
just given, the same problems are discussed by both authors, such as longi- 
inal and transversal mass, electromagnetic mass, the application of rela- 
tivity"principles to dynamics as well as to electrodynamics, momentum and 
tergy in the aether, the structure and kinetic properties of the electron, 
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the question of an objective aether, and the like. As regards the q 
of an objective aether, Mr. Cunningham develops his theory that a mecha 
moving aether is consistent with the principle of relativity, provided 
the total velocity of the aether at any point is equal to that of light. 
author has, however, anything fundamental to say concerning gravi 
which, as Mr. Cunningham puts it in his last chapter, refuses to fit in 
our slight knowledge of the constitution of matter. Mr. C ogh 
general conclusion is that, although the principle of relativity is i 
to much of our experimental knowledge, yet it is consistent with it 
gives beside a new unity to our thought. ¥ 
It would be invidious to say which of the two authors has the mor 
fectly attained his purpose. Each will, no doubt, appeal to his own aud 
Meanwhile, we cannot but congratulate ourselves that we now po 
the English language two admirable treatises on the theory of Re 
As for Mr. Robb’s Theory of Space and Time it is altogether unique. 14 
is not its like in any other language. Cc. G. k 
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